NOTES ON THE BERTINI INVOLUTION
ETHEL I. MOODY!
1. Introduction. Given a pencil of plane cubic curves

(1) Nw(x) + pw'(x) = 0

with the vertices of the reference triangle among its base points. Ar-
ranged as to (0, 0, 1) the equations may be written

2
w(x) = x3u1 + xsus + us,

2
xau{ + xaus + ug,

w'(x)
with
% = @1%1 + as%, ul = all %1+ a2l Yo,

2 2
_ ’
Ug = b1x1 + b2x1x2 + b3x2, Uz,
2 2 ’
U3 = C1%1 % + CaX1%s, U3,

and a;, a/l, b;, b/, ciy ¢! generic constants.
A point y of the plane fixes the curve of the pencil (1) passing
through it, hence

(2) w(x)w'(y) — w'(®)w(y) =0,

which may be written in the form

® Wile) = s + sz + %5(B1%: + Bawis + Baay)
+ Ciw1%e + Cox1xe = 0

in which 4;=aw’'(y) —a{ w(y), and similarly for B; and C;. The tan-
gent to Wi(x) =0 at (0, 0, 1) is

€)) A2 + Agxs = 0,

which meets the curve again at R= (74, 7s, 73),
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1 Miss Moody, Ph.D. Cornell University, an instructor in mathematics at Penn-
sylvania State College, was killed in an automobile accident April 11, 1941. I had sug-
gested that she compare my cumbersome method of derivation of the equations of
this transformation (Amer. J. Math. vol. 33 (1911) pp. 327-336) with that of employ-
ing a pencil of cubic curves. The following notes were found among her posthumous
papers sent me recently. The equations of the Bertini involution are simpler than
those previously known, and other properties found may be extended by others.
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(5) pry = Agr{, pre = — Awd, ors = A1Aqrd,
wherein

r{ = Bid; — Bad1d, + Bsds, ri = AyCi — AiCo.
As N:u describes the pencil (3), the locus of R is
(6) va(x) = 2141 + x4, = 0,

a quartic curve having a triple point at (0, 0, 1) and passing simply
through the remaining base points. It is completely fixed by these
conditions.

2. The Bertini involution. The locus R meets every curve of the
pencil (3) in one point apart from base points. The line Ry meets
Ws(x) =0 in a third point y’. It is proposed to study the involutorial
transformation y~y’.

The point ¥’ is associated with the points ¥ and R by equations of
the form y' =ly+mr.

Substitute y’ for x in Wj(x) =0. Since W3(y) =0 and W;(r) =0, the
equation in /:m is linear. After various manipulations, it is found that
v4(y) appears as a cubic factor, and the equations of the transforma-
tion may be written in the form

3l = (3 [426s(5) + Bor! L
v = ¥o(3) [AWe(3) + Brr! Lo,
ys = Ye(y)de(y)Cs.
A subscript applied to a bracket indicates that the quantity enclosed
has the subscript as a factor and that the factor has been removed.
Cs(9) = Aa[By + (a1b{ — afb)y1ys)us
+ [A1 = (al b1 — ad!) - yeyslus[Aoys + Bayelu
+ (a1b{ — a1b{)Bsy1ys,
ds(y) = A1C2 + ¥5Cs(y),
Ya(y) = A2C1 4+ y5Cs(y).

These expressions have no common factor and are all in terms of
the coefficients in W;(y). From the forms of the equations it follows
at once that the transformation is of order 17. The point (0, 0, 1) is
not a fundamental point. It is a fixed point of the transformation. The
other base points of the pencil enter symmetrically. ¥s(y) =0 is the
principal curve for (1, 0, 0) and ¢s(y) =0 for (0, 1, 0).
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From the forms of the equations of these principal curves it is seen
that each has a triple point at the fundamental point to which it be-
longs, and a double point at each of the other seven. There are no
other fundamental points, hence

Ci~Chy: 8Pf P,;Nj)ei P37Pi, k # 1.
It is the general Bertini involution.

3. Fixed points of Bi;. From the method of defining ¥’ it follows
that every cubic curve of the pencil is transformed itself from the
central involution from its associated point R.

From R can be drawn four tangents to W3(y) =0 apart from the
one at R. But one of these touches the curve at (0, 0, 1), as R de-
scribes y(x) =0. The locus of the other points of tangency is obtained
by eliminating A:u from (1) and the polar conic of R as to W;(y) =0.
By using the same procedure to affect reductions, the equation of
the locus is found to be

(N K(x) = ¢6(y) [A1ys + Biyi1ly, — ¥e(3) [5ys + Bsya]y, = 0.

It is of order 9, has each base point of |W3(y)| except (0, 0, 1) to
multiplicity 3, and no other multiple points. It is of genus 4. Although
(0, 0, 1) is a fixed point, its coordinates do not satisfy K(x) =0.2

It is at once confirmed that at the points (1, 0, 0) and (0, 1, 0) the
curve K (x) =0 has the same tangents as y4(y) =0, ¢¢(y) =0, respective-
ly. Since these points have no particular role in the determining equa-
tions, we infer that K(y) =0 has the same tangents at each base point
as the principal curve of that point.

4. Particular pencils. Suppose all the curves of the pencil (1) have
a common tangent at (0, 0, 1). This requires that a second base point
approaches (0, 0, 1) in the direction of the fixed tangent. The curve
v4(x) =0 now consists of the fixed tangent and the cubic curve of the
pencil having a double point at (0, 0, 1). The transformation reduces
to the general Geiser involution having the other seven base points
of the pencil as fundamental points.

Ci~Cy: TP, Pi~ ps: Pi6Py, ko i,
Ks: 7P;
6- s

Conversely, given any seven points in the plane: if the Geiser in-
volution be determined and its points of invariant points be con-

2 In Hudson, Cremona transformations, p. 127, it is erroneously stated that (0, 0, 1)
is triple on K (x) =0.
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structed, a tangent to K =0 has the role of the remaining (adja-
cent) base points of the pencil of cubics belonging to the point on K.

Further particularizations of the Bertini involution are thus re-
duced to special cases of the Geiser type.?

5. Product of two Bertini involutions. Returning to the general
case, consider the sequences of two Bertini involutions, first Ts with
the base point (0, 0, 1) of the pencil, followed by T, with (0, 1, 0)
as the special vertex.

By T3
Ci~Cur: 8P, i # 3.
By Tz
L} 18_6 .
C17Z 8P4‘NC37 .P3 P27P1, 1 # 2, 3.

This transformation is not periodic. Its inverse is the product of the
same components taken in inverse order.

6. Components of the curve of fixed points of 7375 and T27;. Con-
sider the (x) =0 belonging to 75 and that belonging to T’. These two
curves meet in three points Q; apart from base points. Since from
Q: the operations T; and T are identical, it follows that the product
of the two involutions leaves every point of the cubic of the pencil
determined by Q; fixed, hence:

The product of Ty and T leaves three cubics of the pencil point by
point invariant.

7. Product of three T';. By direct application of the formula we ob-
tain T3T2T1
Cy ~Cis: PPPZ“Ps 6P, , i#1,2,3,
Py ~pis: 1P2P36Pi,

6_11_6 _8
Py ~pas: PPy P36Pu
2_6_3

Py ~pis: P P2P36Pn
Pi ~pug: PiP3P3PiSP) j#1,2, 3,4
If T3T.T; be calculated, its characteristic and that of its inverse are
found to be identical hence:
The product of three different Bertini involutions associated with the
same pencil of cubic curves is involutorial.
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3V. Snyder, Conjugate line congruences contained in a bundle of quadric surfaces,
Trans. Amer. Math. Soc. vol. 11 (1911) pp. 371-387.
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